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We recall the notational conventions established in . Let M be a compact m-dimensional Riemannian manifold 
with smooth boundary DM. We suppose given unitary vector bundles Ei over M and an elliptic complex 

P ■.C°^'{Ei)^C°^{E2). (1) 



t — ■ We assume that (gj) defines an elliptic complex of Dirac type. We impose spectral boundary conditions B; Atiyah, 

o : . . „ 

Patodi, and Singer [E[ showed that an elliptic complex of Dirac type need not admit local boundary conditions. 

■ , 

■ Apart from the mathematical interest, spectral boundary conditions are of relevance in one- loop quantum cosmology 
and supergravity (see e.g. Furthermore, they are consistent with a non-zero index and have been intensively 
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discussed in the context of fermion number fractionization |15|j23f| . 

Let Pb and Dig := {Pb)*Pb be the associated realizations. Let E E C°^{Ei) be an auxiliary function used for 
localization. Results of Grubb and Seeley ||l^pl[| show that there is an asymptotic series as t J, of the form: 

Tt L2{Fe-'"''} ^ J2 ak{F,D,B)t'^''-"'^''^ + 0{t-^/^). (2) 

0</£<m-l 

(There is in fact a complete asymptotic series with log terms, but we shall only be interested in the first few terms in 
the series). The coefficients in equation (|^) are locally computable. We determined the coefficients ao, ai, and 02 
previously [l0|] ; these results are summarized in Theorem |l| below. In this paper, we determine the coefficient as. We 
shall assume henceforth that m > 4 so that the series in equation (||) gives this term. 

We shall express the coefficients Ok invariantly in terms of the following data. Let 7 be the leading symbol of the 
operator P. Since the elliptic complex is of Dirac type, 7 + 7* defines a unitary Clifford module structure on Ei ®E2. 
Let V = Vi V2 be a compatible unitary connection; this means that 
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V(7 + 7*) = and (Vs, S) + (s, VS) = d{s, S). (3) 

Such connections always exist but are not unique. If y = (y^, y"^~^) are local coordinates on dM, let x — {y, x"^) 
be local coordinates on the collar where a;™ is the geodesic distance to the boundary; the curves y — > (y, t) are unit 
speed geodesies perpendicular to dM. Let 9^ := d„i is the inward geodesic normal vector field on the collar. 
Let be covariant differentiation with respect to 9^. Decompose 

where we adopt the Einstein convention and sum over repeated indices. Here ^/^ is a 0*'* order operator; the structures 
7, V, and ip can depend on the normal variable. Since P is of Dirac type, we have the Clifford commutation relations: 

irri" + = 25^^ (4) 

Near the boundary and relative to a local frame which is parallel along the normal geodesic rays, we have Vm = dm- 
We freeze the coefficients and set = to define a tangential operator 

Biy) 7'"(y, Oy'lEcKm riv, 0)V„ + ^{y, 0)} on C-(i?i|aAf). 

Let Q be an auxiliary self-adjoint endomorphism of £'i|gM- We take the adjoint of B with respect to the structures 
on the boundary to define a self-adjoint tangential operator of Dirac type on {Ei\gM)- 

B + B* ^ 
A := 1- e. 



The boundary operator B whose vanishing defines spectral boundary conditions is orthogonal projection on the span 
of the eigenspaces for the non-negative spectrum of A. Replacing the words "non-negative" by "positive" would not 
change the local invariants a„. 

We shall let Roman indices i and j range from 1 to m and index a local orthonormal frame for the tangent bundle of 
M] Greek indices will index a local coordinate frame. Near the boundary, we choose the frame so that is the inward 
unit geodesic normal vector; we let indices a and b range from 1 through to — 1 and index the corresponding frame 
for the tangent bundle of the boundary. We adopt the Einstein convention and sum over repeated indices. We let ';' 
denote multiple covariant differentiation of the tensors involved. Let F be the Christoffel symbols of the Levi-Civita 
connection on M. There is a canonical connection on the bundle Ei and there is a canonical endomorphism E 
of the bundle Ei so that D = — (Tr{-^V^} + E); see for details. Note that is not in general a compatible 
connection. Let ui be the connection 1 form of -^V. We have the following equations of structure: 

D = -{g^'d^^d, + a^9^ + 6) = -(Tr {°^^} + E), 

LOS := Ig.sia" + and (5) 
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Decompose P = "fiVi + ip. Let Rijki be the Riemann curvature tensor. Let 

^ — 7m V, T ■■= Rijji, Pij = Rikkj, (6) 

/3(m):=r(f)r(i)-ir(is±i)-i. (7) 

Let ';' and ':' denote multiple covariant differentiation with respect to the background connection V and the Levi- 
Civita connections on M and dM respectively. Let Lab '■= ^abm be the second fundamental form. The following is 
the main result of this paper. 

Theorem 1 We have 

1. ao{F,D,B) = (4^)-™/2 J^^Tr{F}. 

2. ai{F,D,B) = (4^)-(™"i)/2i(/3(m) - l)^,,,Tr{F}. 

3. a2{F, D,B) = (4^)-™/2 ^Tr {i^(r + 6E)} + (4^)-'"/2 /^^ Tr + r]F + ^(1 - lnP{m))LaaF 

4. as{F, D, B) = (4^)-('»-i)/2 /g^^ FTr {^(1 - + Vr) - 2m + 2^^^i^+^ (i[m))U* 

+ 8i;;^(^ - ^/?(m))L..F;„Tr{/} + ^g^(2/?(m) - l)F;„™Tr{/}. 

We refer to for the proof of assertions (l)-(3); the remainder of this article is devoted to the proof of assertion 
(4) . We begin by giving a general recipe for the invariant 03 . The coefficients a2k involve both interior and boundary 
integrals. The coefficients a2k+i only involve boundary integrals. One can use dimensional analysis to see that the 
boundary integrand for can be expressed in terms of local invariants which are homogeneous of order 2 in the jets 
of the total symbols. Since P = 7''Vj/ + "0, we must consider invariant expressions determined by the jets of 7, V, 
and tjj. Instead of using the curvature of the background connection V as one of our basic invariants, we shall 
instead use the tensor 

w,, := a,, - ^R^Jk^*kll■ (8) 

Since the background connection V is assumed to be compatible, we have [7, W] = 0; see |^ for details. Since V7 = 0, 
the covariant derivatives of 7 do not enter. We define: 

ll ■= Imla for 1 < a < m - L (9) 

Equation implies that 7^ is a unitary Clifford module structure, i.e. that we have the relations: 

717^ + 7^7^ = -2<5,, and (7J)* - -7!- (10) 
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The Grubb-Seeley calculus controls the pure 7 terms and after a bit of work using the Weyl calculus, one can show 
the following Lemma holds where we adopt the notation of equations (|^^ 

Lemma 2 There exist universal constants di = di{m) for < i < 20 and Ci — ei[m) for < i < 8 so that 
a^{F,D,B) = (4^)-(™-i)/2/g^,^Tr{a3(F,i?,S)(y)}d2/ where: 

asiF, D, B, v) - F{dSi^ + VV] + di[U - + d^^^ + dz[ilhli^ + llVllr] 

^diblhai' - la^*lli^*] + d5-f^ll>*-/^ll> + dS;m + V^*„] + d^-m " ^;™] 
+d8['ya'4':a + ll Ip-a] + d^lla'^'-a " tIV':!] + dwLaali^ + ^*] + dllLaa['i - ^*] 
+di2T + dispmm + duWablalb + di^Wamla + die 
+F.rn.{dis['llj + V'*] + diQ[4) - -0*] + d2oLaa) + d2lF-mm 

+F(eoee + ei7je7je + e2llQ..a + e^LaaQ + e^eii; + r] + e^^ii^ - r] 

We prove Theorem |l| by determining the unknown constants of Lemma ^j. We first establish some technical results. 
Lemma 3 

1. We have that dg J^^^ FTv {j^ - r).,^} = -dg J^^^ F-.aTv {j^iij, - r)}- 

2. The dual boundary condition for the formal adjoint P* is projection on the non-negative spectrum of the operator 
M ■= -ImMlm^ ■ Furthermore A2 is defined by 62 = -7mBi7,;j^ + Laa- 

Proof. We shall derive equation (2.18) of showing 7^^ = 0; assertion(l) then follows by integration by parts: 

^I:a = ^all " la^ a ^ aablb = -VQ7„7a + Imla^ a + aablmlb 
= -(Va7m - 7mVa)7a " lm{'^ aja - la'^ a) + ^aabjinlb 
= — 7m;a7a — 7m7a;a — ^amb"fbla — ^aailmji + ^aablmjb 
— Lablbla — Laalmlm = 0. 

We compute the Green's formula to prove assertion (2). We have 7^ : i?i ^ i?2. The operator 7^ : i?2 — > Ei was 
defined by , (t)2) = —{l''4'i:4>2)- We compute: 

iP^i,h)L- - (0i,P>2)l2 = /^,(7"^V,0i,02) - (01, V,7'^02) = JMdAr^i,^) = -/aM(7m01>2). (11) 
We introduce the following tangential partial differential operators: 

Bi 7,7/7aVa + 7m Vi, ^1 := |(Si + S^*) + 61, and A2 := ~-f^Aij~\ 
Let E{X,Ai) := {(p e C°° {Ei\gM) ■ Ai<p = X<p} be the eigenspaces of Ai. Let 
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£f := Closed spSin{E{X, Ai) : X > 0}, Cf := Closed span{i;(A, Ai) : X < 0}, 
£^ Closed spSin{E{X, A2) : X> 0}, Z:^ Closed spSin{E{X, A2) : X < 0}. 

We then have orthogonal direct sum decompositions 

L^EiIom) ^C>(BCf and L\E2\aM) = ® C<. 

Let Bi4>i be orthogonal projection of 0i|aM on £f and £^ respectively. As 7m^i = — ^27m, 7m£^(A, Ai) = E{—X, A2). 
Consequently we have that 

7m£f = £^ and 7,„£f = 

Let g C°°{Ei). We have e Domain(P) if and only if Bicf)i =0 or equivalently if 4>i\dM G £f . We use equation 
( pi] ) to see that the following assertions are equivalent: 

(1) 02 e Domain(P*). 

(2) (7m0i,<?!'2)L2(gj,/) = for every cj)i e Domain(P). 

(3) cj>2\aM e {7m'C^}^ = (4)^ = £< i.e. (/.2 € kerSs- 
Thus ;S2 defines the adjoint boundary condition. As V7 = 0, 

Va7m = 7mVa + T amhlb — IittS a ~ Labjb, 
B2 ■■ = -7m5l7m^ = -7m7mSaVQ7„^ - Vl7m^ 

= 7mSaVa - Labjajb ~ 1plJ~^ = 7mVaVa + Laa - V'l7m\ 
A2 : = -i7rn(Si + Pi*)7„l - 7rnei7;;l 

= 5(7mWaVa + (7rnWaVa)* - -017^^ " 7mV'l*) + -^aa - 7m0l7m^- 

On the other hand since xp2 = ipi and 7*j = — —7™, we have 

^2 = 5(7mWaVa + (7m^7aVa)* " 7mV'l* " ^'17,;^) + ©2 SO 
O2 = -7m0l7m^ + Laa-0 

We use functorial properties of the invariants a„ to establish the following Lemma. Recall that we defined 

Pim) :=r(f)r(i)-ir(i2±i)-i. 

Lemma 4 

1. We have = di = = dj = = dn = dig = 62 = 65 = 67. 
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2. We have 2a) = ea = eg, 

2b) = eo — (m — l)ei, and 

2c) = 64 - (m - 1)66. 

3. We may take (ii4 ~ and di^ = 0. 
We have = = dig. 

5. We have 5a) — dis, 

5b) — 2(m — l)di2 + dis — 2diQ + 2(1 — m)dn + (3 — m)d2o, and 
5c) = 2(1 - m)rfi2 + (1 - m)di3 + (3 - m)d2i. 

6. We have 6a) = 2do + da + (m - 3)(2d3 + d^), 

6b) = -2do + d2 + im- l)(2d3 - d^), 
6c) = 64 + (m — 3)66, and 
6d) = dg. 

7. PFe ftawe ^ -2do + d2 - (m - l)(2d3 - d^) - ^{(5{m) - 1). 

8. We have \{P{m) - 1) + 2do + ^2 + 2(m - l)rf3 + (to - 1)^5 + 60 + 6i(to - 1) - 264 - 266(to - 1). 

9. We have 9a) 2do + da - '-^{^P{m) - 1) 

9b) 2d3 + ds = - ^),o.nd 

9c)d^2 = -i^C:^P{m)~l). 

10. We have 10a) die + (m - l)di7 = i^^gj^- + ^^^^P{m), 

lOh) d2o = sutijC^ - ^f3{m)), and 
10c)d2i^ji^{~l + 2P{m)). 

11. We have die + dn = i6(J._i) ( "'+'8""'" " (3"^ " 4)/3(to)). 

Remark We use equations (2c) and (6c) to see 64 = 66 = 0. Equation (6a) is not independent from (9a) and (9b). 
Using (9a) and (9b) in (8), an equation for 60 and ei follows. Together with (2b) this determines 60 and 61. We solve 
equations (6b), (7), (9a), and (9b) to determine do, da, d3, and d^. Thus we complete the proof of Theorem |l| (4) by 
checking that the non-zero coefficients are given by: 
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m-2 . 



^3 = 32(m-l) (2"^- 



2m — 6m+5 
m-2 



/3(m)) 



il2 



il6 



_ 17+5m 



23-2m-4m 



192(m+l) 48(T?x-2)(m+l) 



Yj/3(m) 



(m-3) 



5m— 7 5m— ^ 



/3(m)) 



d2 = -2m+ 7-8m+2m^ ^(^)) 



1 (1+ 3^^(^)) 

71—1) V m — 2 '^V /y 



rfl3 = ^(l 



m-2 



dl7 



_ 17+7m^ 



384(m2-l) "I 48(m2-l)(m-2) 



4m''-llm''+5m-l 



/3(to) 



^21 



16(m-3) 



(-l + 2/3(m)) 



ei 



8(m-l)(m-2)^(™) 



Proof of (1). We shall always choose a real localizmg (or smearmg) function F. If the bundles Ei and the data 
{jjip) are real, then 03 is real. Thus the coefficients di are all real. Furthermore, since is a self-adjoint operator, 
the invariant 03 is real in the general case. Thus anti-Hermitian invariants must appear with zero coefficient. By 
equation (p^, 7 J is skew-Hermitian. We assumed 8 is Hermitian. Assertion (I) now follows as the following terms 
are skew-Hermitian: 

diF[i;^j~rr], d^Fi^jhli^-ilrilri drF[i^,„,-^rj, dsF[^j^..a+^ji^rj, 

diiFLaa[i'-ri digF,^[^-r], e2F-/^e.,a, 65^8 - , 67^7^87^ - . 

Proof of (2). We consider the variation 8(e) := 8 + e. For generic values of e the kernel of the associated operator 
A{e) is trivial and the boundary condition remains unchanged and thus the invariants a^^e) are unchanged at these 
values of £. The invariants 03(6) are locally computable. Thus 03 is independent of e. Assertion (2) now follows from 
the identity: 

= d,a3\e=o = Jqm Tr {2F(eo + 6171^7^)6 + Fe^Laa + ^(£4 + ee-/J-/J){iP + V) + e^F.,^} 

= Jgj^j Tr {2F(eo - (m - l)ei)e + FeaLaa + e^F,^ + F(e4 - (to - l)ee){i^ + V>)}. 

Proof of (3). We shall show that Tr {T/Fa67j7jf ) = and Tr{W^am7j} = so these invariants play no role. Note 
that Wab — — Wba- Furthermore, [VF, 7] = as noted above. We use equation ( p^ ) to compute: 

TT{WablIin = Tr{jJWablI} = Tr{W^,b7,^7j} so 

T^lWablhn = k'^^iWabillll+lhl)} = -^^{WabSab} - 0. 

Since m 7^ 2, we may show Tr {WamJa} = by computing 

-(m - l)Tr{VF„„7r} = ^HlhlWamll} = Tr {Wamll ll } 

= Tr {Warn{-2Sabl^ - llllll)} = (-2 + TO - l)Tr {M^am7r}- 

Proof of (4). We apply the local index theorem. Let M be the unit baU in R™ and let E = Ei = E2 = Clif{M) be 
a trivial complex vector bundle of dimension 2™ over M. Let (7, V) be the standard Clifford module structure and 
flat connection on E. Let V'l be an arbitrary endomorphism of E and set Pi :— 7*Vi -I- ipi : C°°{Ei) C°°(i?2); the 
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formal adjoint is then given by P2 := + ipl so ip2 = i^i- Let Di := P2P1 and D2 := P1-P2 with the appropriate 
boundary conditions Bi. It follows from general principles that 

Xr{e-*(^i)''i}-Tr{e-*(^=)''^} = index(Pi,6i) so 03(^1, Si) - a3(i?2, ^2) - 0. (12) 

We use Lemma ^ (2) to identify the adjoint boundary conditions and 02 We use the equations of structure derived 
above and study the terms which are linear in ijji in equation (p^). Since F ~ 1^ Lemma ^ (1) shows the terms 
involving dg play no role. Thus: 

!dM {c?6(-7mV'l;m + i'l-ralm.) + (^lO-^aa + 6461 + e67m7a0l7m7a) (-7m'01 + ■^^llm)} 
= Jqm {c^6(-7m'01;m + ■01;m7m) + {dwLaa + e47m6l7m + e67m7Q7m6l7m7m7a) (-7m^l + ^Hm)} 

+Tr{e4 + (1 - m)ee)Laa{~lmipi + il^ilm)}- 

The terms which are bilinear in (0i,i/)i) and (Oiji/'i) agree. Since 64 = (m — l)ee, the final term vanishes. We set 
ipi — f{xm)lm to conclude that = and that dio = 0. □ 

Proof of (5). We use the method of conformal variations described in Let P be the Dirac operator on the upper 
hemisphere. Then A is the Dirac operator 5™^^. Since S*™^^ has a metric of positive scalar curvature, ker(A) — {0} 
by the Lichncrowicz formula |2^ . We now perturb P slightly to define an operator of Dirac type Pq on the ball which 
is formally self-adjoint. Let A \{Bo + -Sq + Laa)- Since A is close to A^ kerA = {0} so the realization of P is 
self-adjoint by Lemma |[ Let / be a smooth function on M. Let 

ds^{e) := e^'f'ds^, dvol{e) = e'^'^dvol, 

P{e) := e-^^^Poe-^'^f, P*{e) := eJ-^-"'^'^ Poe^"'~^'>^f . 

We fix the metric on the bundle E. The metric determined by the leading symbol of P{e) is ds'^{e) and P{e) is 
formally self-adjoint. We assume / — f{x„i) and f\dM — 0. Since A{e) ~ Aq — ^^^^Y^sf-m we set: 

to ensure that the boundary conditions are unchanged. We use Lemma H and compute: 

iaa(e) = -^djn9aa{£) = iaa(O) + (1 " and 

e2(e) = ~^ef,ra - ^LaaiO) + Laa{e) - ei(e) + e{-2^ + (1 - m))/;„ 

= ei(£). 

Let 5 :— de\e=o- We compute 

5Tri.{e-*^(-)} - -m-i.{5(Z?(£))e-*^n = -2m L^{5(P{e))Poe-'''°} 

= 2tTTL2{fDoe-^^«} = -2tdtTTL2{fe-*°°}. Consequently 
Sa^il, D{e),B) = (m - 3)a3(/, Z?o, B). (13) 
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We showed in ||lO| that there exists a compatible family of unitary connections so that 

Since ipaie) = -jmipa + ^(1 - "i)/;™, we have: 

SdoTi {Mjo + 0o^o} = ^f-rrMoTr {00 + 

Sd2TT{^Oro} = i^/;mrf2Tr{V3o + %} , 

Sdshli^olli'o+llrollro) = ^f,m2{l~m)d3Tr{i>o + ro}, 

<5d5(7j^07jV'o) = - m)dSo + V'S)- 

We use Lemma ^ to see (5 /^^^ Tr {7j('i/'o:a — "^o a)} ^ computations from |^ to see 

Sdi2T = di2(-2(m - + 2(to - l)£aa/;m), 

5di^Pmm = dis{Laa.f;m + (1 ^ '^)f;m'm), 

SdieLabLab = -'^diQf.jnLaa'm and 
SdnLaaLbb = -2(m - l)dnf.„iLaa- 

We use equation (|l|) to see (5a3(l, D{e),B) + (3 - TO)a3(/, Dq, = 0. We have (56 = i(l - m)/;„,. Thus 

5eoTr {6^} = (1 - TO)eo/;™Tr {6}, 
JeiTr {7je7je} - (1 - m)(l - m)ei/;™Tr {6}, 
5e4Tr{e(0o + 0S)} = i(l - m)e4/;™Tr{i^o + V^cSl + (1 - m)e4/;™Tr {9}, and 
'5e6/;™Tr{7je7j(V3o + 0^)} = 5(1 " " m)e6/;™Tr{0o + ^0*} + (1 - - m)e6/.„,Tr {9}. 

Since eo + (1 — m)ei = 64 + (1 — TO)e6 = 0, these terms play no role. Furthermore we have assumed P = 'jiVi + ipo is 
self-adjoint. Thus iJjq — 0q and "00 + ^0 ~ ~7m0'o + '0o7m and Tr{?/'o + '0o) = 0- Thus this term yields no information. 
We complete the proof of assertion (5) by computing: 

= IdAli^ ~ ™)'^18/;mTr {0o} 

+{2(m - l)di2 + du - 2die ~ 2(m - l)dij + (3 - m)d2o}/;mTr {L, J 
-H{-2(m - l)di2 + (1 - m)di3 + (3 - m)d2i}Tr 

Proof of (6). We now exploit the fact that the connection V is not canonically defined. We let M be the ball and 
let E — El — E2 — Clif{W^) ® V where V is an auxiliary trivial vector bundle. Let ct; := I ® at be skew-adjoint 
endomorphisms of E commuting with the Clifford module structure 7. Let 

Vi(e) := Vi+eai 
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be a smooth 1 parameter family of unitary connections on E. Since [(Ti,7j] = for all we have Vj(e)7 = so this 
is an admissible family of connections. We define 

to ensure that P{s) = 7iVi(£) + ^^{e) = P is unchanged during the perturbation. We have 

B{e) = -7m(7oVa + Vo + £7aO-a - £7iCTi) = Bo- eam so 
A{e) = + + e(e) = i(Bo + B*^) + 60 = Aq. 

Thus the boundary conditions are unchanged by the perturbation if we set 0(e) := 60. Consequently, as{F,D,B) is 
independent of the parameter s. We compute 

Stjj{e) = ab - am, 
5ip{e)* = -^l ab + am, 

SdoTr {i)oi>o + i'oi'o} = 2rfoTV {--/'[abi^o + i>;) - am{4'o - V'S)}. 

6d2TT {ij'o^o} = c?2Tr{-7^ abii^a + iJ^q) + amii'o - V'o)}) 

(JdsTr {7jVio7jV^o + lli^ollro} = '^dsTti-j^j^abJ^ii^o + ^o) - llamlaii^o - i'l)} 

= 2d3Tr{(m - 3){-j^ab){iPo + V-S) + - l)^m(V'o - ro)}, 
dd,Tr {j^rollM = dsTr {-j^j^abj^{i>o + V^S) + 7l^mlI{i>o - ^0)} 

= d5Tr{-(m - 8)7^ (Jbii^a + V'o) + (1 - m)am{i^o - V'o)}) 
5d^R^v{^{i^, - ^*)} = (i9i^„TV{-27jCT„} = 0, 
5eiFTv {e(Vio + V-S)} = -2e4Tr {@ilab}, and 
5eeFT,{Q^l{i>o + i^Dll} = -2e6TV{e(m - 2,)^lab}. 

This yields the relation: 

= {2do + (i2 + (m - 3)(2d3 + d^)}i:v {-^il ab{i^o + V'S)} 
+{-2do + rfa + (m - l)(2d3 - rf5)}Tr {a„(Vio - i>*o)} 
+{-264 - 2(m - 3)e6}Tr{e7b^(Tfe}. 

To determine rfg we extend the setting to an endomorphism valued smearing function. We study those terms which 
involve the tangential covariant derivatives of F. After taking into account the lack of commutativity, we see that 
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these terms take the form: 

If F is then taken to be scalar, we see that dg — ~U2 — M4, dg = — wi — W3, and 62 = — W5 — Me- We set = 6 ~ 
and (Ta = 0. Then (5(^ — ?/;*) = — 2(Tm and 5{iIj + V'*) — 0- Smce am commutes with 7J, we get 

= -2(wi+W3)Tr(F:,7ja„0 

since these are the only terms in the variation involving the covariant derivatives of F. (As Tr(7jcrm) — 0, it is 
necessary to take F-^ endomorphism valued for this argument to work). We can now conclude that wi + M3 = 0. This 
shows (ig = and completes the proof of assertion 6d). □ 

Proof of (7). As in the proof of (5), let Pq be a small perturbation of the Dirac operator on the upper hemisphere 
so that ker(j4o) = {0} where Aq := |(i?o + Bq + Lao)', the realization of P is self-adjoint. We consider a variation of 
the form P{e) :— P + e. We then have B{e) — Bq — and thus A{e) ~ ^{B{e) + B* {e) +iaa) ~ is independent 
of the parameter e. Thus P{e) is self-adjoint. If {(j)k, Xk} is a spectral resolution of P, then {(j)k, Xk + e} will be a 
spectral resolution of P{e). We compute: 

= 9eTr{-2t(F + e)e-*^(")'}|e=o = Tr{(-2i + 4<2p2)g-tP^} 

= -2tTr{(l + 2tdt)e~*P'} - -2t^„{l + {n - m)}a„(l, P^^ S)^^"-'")/^. 

We take {k,n) — (3, 1) and equate the coefficient of i(3-m)/2 j-^ ^^jc two expansions to see: 

5203(1, P{e)^B) = -2(2 - m)ai (1, P\ B) (14) 

We use Theorem || to see 

a,{l,P\B) = (4^)-('"-i)/2i(/3(m) - l)/,,,Tr{/} (15) 

We have 'ip{s) = -00 — 7m£ and V'(e)* = V'o + TmC- Assertion (7) now follows from equations (p^, (^5|), and the 
following identity: 

9,^03(1, P{e)\B) = (4^)-('"-i)/2 J^^^{_4do + 2d2 - 4(to - 1)4 -t- 2(m - l)d5}Tr {/}. □ 

Proof of (8). As in the proof of (5), let Pq be a small perturbation of the Dirac operator on the upper hemisphere 
so that Pq is formally self-adjoint and so that ker(ylo) = {0} where := ^(Po + -Sq + 6o + Laa)- We assume that 
the realization of Pq is self-adjoint. We consider a variation of the form P{e) :— Pq + \/ —\e. Then 

?/i(e) = -00 - v^e7rn, 0*(e) = V^o - V^eim, so we set e(e) = 60 + \/^£7„i. 
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Then ^(e) = Aq so the boundary condition is unchanged. Thus P*{e) = Pq — \/—le and D = +e^. Consequently 
we have 

Tr{e-*^(^)} = e-*='Tr{e-*^«} so a3{l,D{e),B) = a^il, Do,B) - e^ai{l, Do,B). (16) 

We compute: 

doTr {i^ij, + rrKe) = doTr {i^oV-o + ^0^0} - 2doV^eTT {7^(1^0 + 4*)} + SdoS^Tr {/} 

+2(m- l)d3e2Tr{/} 
4Tr {7r^7rV^*}(e) = ^sTr {7r^o7r'/^5} - d^im - 1) V^eTr {7„,(^o + V-o)} 

+ (m- l)d5£^Tr{/} 
eoTr {ee}(£) = eoTr {9060} + 2eoV^eTT {7^60} + eoS^Tr {/} 
eiTr{7je7je}(e) = dTr {7^607^00} + 2ei(m - l)\/^£Tr {7„eo} + ei(m - l)£2Tr {/} 
e4Tr{e(?A + r)}{£) = e4Tr{eo(v3o + %)} + e4V^eTr {7„,(v3o + - ^Qo)} - 2e4e2Tr{/} 
e6Tr{7je7r(^ + V^*)}(£) = egTr {7^607^(^0 + + ^eim - l)V^£Tr {7^(7^0 + V-o " 260)} 

-2e6(m- l)£2Tr{/}. 

Thus we have 

= Jg^i-^do ~d2- 2^3 (to - 1) - 4 (to - 1) + 64 + (m - l)e6}V^Tr {7m(V'o + V^S)} 
{ 2eo + (m - l)ei - 2e4 - 2(to - l)e6}V^Tr {7meo}. 

To ensure that Pq is self-adjoint, we must have 7m0o7m = 9o + -^aa- Thus, in particular Tr{7„i0o} = 0. Furthermore 
"00 = V'o- Thus Tr{7m('0o + V'o)} — Tr{7m(— 7mV'o + "007™)} — 0. Consequently the coefficient of e produces no 
information. We use equation ( |l6| ) to identify the coefficient of and see 

(4^)-(m-i)/2 j^^^ . |2do + d2 + 2(m - l)d3 + (m - 1)^5 

+eo + ei(m — 1) — 2e4 — 2e6(m — 1)} 
= -(4t)-(™-^)/^^m i(/^M " l)Tr{/}. □ 

Proof of (9). Grubb and Seeley |^l| gave a complete description of the singularities of r(s)Tr in the 
cylindrical case - i.e. when the structures are product near the boundary (see Theorem 2.1 |2|] for details). We use 
the inward geodesic flow to identify a neighborhood of the boundary dM in M with the collar C = dM x (— e, 0]. Let 
{y, a^m) be coordinates on C. We suppose that P = jm{dm + A) on C where A is a tangential self-adjoint operator of 
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Dirac type whose coefficients are independent of the normal variable Xm- Thus A = jJS7a + 4' where ip is self-adjoint. 
Since dg vanishes we may take F = 1. We use Equation (13) jl^ to sec that: 

a,{F,D,B) = I f^^/3(m) - l) a2{F,A'). (17) 

We use Theorem 4.1 ||^ to see that: 

a^iF, A') = -^(4^)-(™-i)/2 f^^j FTr {Ratba + (12 - 6(m - 1))^-^- + (18) 

Assertion (9) now follows from equations (^7|), (|l^) and the computation: 

a3{F,D,B) - (4^)-(™-i'/2/g^,^^^[(2do + d2)Tr{V'V'} + {2d3 + d5)TT {^^hli'} + duTr {I}]. □ 

Proof of (10). This follows from computations on the ball. We follow the description in and extend the results 
to the ones needed for 03. If r G [0, 1] is the radial normal coordinate and if dS^ is the usual metric on the unit sphere 
S™~^, then ds^ = dr^ +r'^dY,'^. The inward unit normal on the boundary is —9,-. The only nonvanishing components 
of the Christoffel symbols are 

Tabc — ~^abc and Tabm — ~Sab! 

r r 

the second fundamental form is given by Lab = ^ab- We denote by Tabc the Christoffel symbols associated with the 
metric dE^ on the sphere 5™^^ and tilde will always refer to this metric. 

We will consider the Dirac operator P — -f'^d,^ on the ball; we take the flat connection V and set ijj = 0. We suppose 
m even (there is a corresponding decomposition for m odd) and use the following representation of the 7-niatrices: 



Ta(m) 



Tm(m) 




and 



We stress that Jj{m) ai'e the 7-matrices projected along some vielbein system ej. Decompose Vj — Cj + toj where 
ujj — j^jkilk{m)li{m) is the couuection 1 form of the spin connection. Note that 



Let P the Dirac operator on the sphere. We have: 

d m-l\ 1 I \/=TP 



P = 



dx„i 2r 




IP 



Let ds be the dimension of the spin bundle on the disk; dg — 2™/'^ if m is even. The spinor modes Z^^^ on the sphere 
are discussed in ||]. We have 
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PZ^\n) = ± ( n + ) Z^^\n) for n = 0,l, 

(n) 1 I m + n — 2 

dn{m) := diinZj. '(fi) = -ds 



Let Jiy(z) be the Bessel functions. These satisfy the differential equation 



dz^ ' z dz \ z'^ ) ^ 
Let P(p± — ±fj,ip± be an eigen function of P. Modulo a suitable radial normalizing constant C, we may express: 

(+) C I iJn+m/2{f^r)Z^^\n), 

^± ^ Am-2)/2 , , , I ' and (19) 

(-) c i ±J„+™/2-i(H^i"^(f^) , 
^± =^:(^2\ („) I- (20) 

Let Vq — aiTi^i^n-^y Then V"'" is a compatible unitary connection for the induced Clifford modules structure 

7"^; see for details. The tangential operator B takes the form: 

, \ I -P '""^ 



B = 7a(m) ( + 2-^°''Tb(m) ) = 



m— 1 



P 2 



We have in particular B = B* . We take 9 = ^^^j^ l„j. The operator A used to define spectral boundary conditions 
then reads 

A = 




The eigenstates and eigenvalues of A then are easily determined: 

A\ ^'^'^""A =-(n + ^\ i I and 



The boundary condition suppresses the non-negative spectrum of A. Applying the boundary conditions on the 
solutions ( p^ and (|2^), we see that the non-negative modes of A are associated with the radial factor J„+.^_i(/x?'). 
Hence the implicit eigenvalue equation is 

771 

Jp(^) = where p = 77 + — 1. (21) 

In QJ^,^,|l^ a method has been developed for calculating the associated heat-kernel coefficients for smearing (or 
localizing) function F = 1; in |ll] this has been generalized to F = F{r). We summarize the essential results from 
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these papers briefly; in principal one could calculate any number of coefficients. We first suppose that _F = 1. Instead 
of looking directly at the heat-kernel we will consider the zeta-function C(s) of the operator and use the relationship 
between the pole structure of the zeta function and the asymptotics of the heat equation: 

at = Res ,=^r(s)C(s). (22) 

Thus to compute as, we must determine the residues of the zeta-function C,{s) at the value s — (m — 3)/2. We use 
the eigenvalue equation (|2^) to express 



C(.)=4^d„My^-fc--lnJ,(fc), 



(23) 



n=0 

where the contour C runs counterclockwise and encloses all the solutions of (pl^) which lie on the positive real axis. 



The factor of four comes from the four types of solutions in (|19|) and (gO|). The representation equation (23) is well 
defined only for Sfts > ra/2, so the first task is to construct the analytical continuation to the left. In order to do that, 
it is convenient to define a modified zeta function 



&\^)= I ^fc-^^|:lnfc-%(fc); 
Jr 2m ok 



ic 

the additional factor k~'P has been introduced to avoid contributions coming from the origin. Since no additional pole 
is enclosed, the integral is unchanged. 

It is the behaviour of (^'"^ (s) as n — s- cx) which controls the convergence of the sum over n. The different orders 
in n can be studied by shifting the contour to the imaginary axis and by using the uniform asymptotic expansion 
of the resulting Bessel function Ip{k). To ensure that the resulting expression converges for some range of s when 
shifting the contour to the imaginary axis, we add a small positive constant to the eigenvalues. For s in the strip 
1/2 < 3fis < 1, we have: 

^(n)(,) ^ dk{k' _ e^)-^ lnfc-P/^(fc). 

We introduce some additional notation dealing with the uniform asymptotic expansion of the Bessel function. For 
p — > oo with z = k/p fixed, we use results of ||l[ to see that: 

1 eP'' 



Ip{zp) 



1 + ^ "iW 



pi 



P'^'-''' ' y2^(l-Hz2)l/4 

t = l/y/l + z2 and tj = + + ln[z/(l + y/l + z^)] 



where (24) 



Let uo{t) = 1. We use the recursion relationship given in ||l| to determine the polynomials ui{t) which appear in 
equation (p4[): 

ui+i{t) = It^l ~ e)u[{t) + 1 y* dr(l - bT^)ui{T). 
We also need the coefficients Dm{t) defined by the cumulant expansion: 
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In 



1 + E 



uiit) 



1=1 



pi 



E 

9=1 



(25) 



The eigenvalue multiplicities dn(ra) are ©(n™^^) as n — > oo. Consequently, the leading behaviour of every term is of 
the order of p-2s-(}+m-2. ^-j-^-j^g ^^ic half plane 3?s > (m — 4)/2, only the values q — 1 and q — 2 contribute to the 
residues of the zeta-function. We have 



1 



Di{t) = -t r, and D2{t) 



24 



1 

16 



8 16 



We use equation (EJ) to decompose 





-A^-l{s) 








siuTTs 


dz[{zpf 

e/p 




TT J 


dz 


At'\s) 


sin TTs 


1 dz[{zpf 

e/p 




TT J 


dz 




sin TTS 


1 dz[{zpf 

<l/p 




TT J 





In ( 1 + z 



The remainder R'^'^\s) is such that X^i^o '^"("*)-^'""'' analytic on the half plane Sfts > (m — 4)/2. 
Let 2F\ be the hypergeometric function. We have 

r(c) 



2^1 (a, 5; c; z) 



/p 



r(5)r(c-6) 

az 



dtt^-l(l-^)"-''~^(l-^z)-^ and 



c-6-1 



^ r(. + i)r(i-.) , 
2 r(i + |) 



We use the first identity to study A''^1{s) and Aq"''(s); we use the second identity to study A^t^\s) and A^^\s). This 



shows that 



A^:^l{s) 



-2s+l 



2r(i) r(s) 
1 1 



1 1 ,p 



2' 2' 



8r(s 

5 1 



+ , 2 , 2^-s-i 



24r(s) 

i6r(s) L 

3 1 r 



r(2 

-2 



8r(s) L 

5 1 
"l6f(^ 



r(s + l)(p2 + e2)-.-i] 

-r(s + 2)p2(p2+,2)-.-2] 

-ir(s + 3)/(p2 + e2)-. 



In the limit e ^ 0, the resulting zeta-function which appears is connected to the spectrum on the sphere. Let 
rf := m — 1. Wc define the base zeta-function C^gd and the Barnes zeta-function S Ce, 
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Cs'^is) = 4^(i„(m)p and CB{s,a) = dn{m){n + a)' 



We then have the relation Cs''(^) = Sd^C^B (^s, ^ — l)- For i 
yli(s) — 4^^p (i„(m)A^"''(s). We take the hmit as e ^ to see that 

1 r(s-j) 1 

1 



n=0 
-1, i 



0, i 



^2(5) 



1 



(5^5 + 1) 



8r(i) 
1 



i2r(i) 



,gr(,s + i)-^r(. + 2) + Ar(,s + 3) 



1 and i = 2, we shall define 



(26) 

(27) 
(28) 

(29) 



We used the Mellin-Barnes integral representation of the hypergeometric functions [Q to calculate A_i(s): 

r(c) 1 



2Fi{a,b; c; z) 



Tia + t)Tib + t)r{~t) 
T{a)T{b) 2m Jc " T{c + t) ^ ' 



dt 



(30) 



The contour of integration is such that the poles of T{a + t)r(b + t)/r{c + 1) lie to the left of the contour and so that 
the poles of T{—t) lie to the right of the contour. We stress that before interchanging the sum and the integral, we 
must shift the contour C over the pole at t = 1/2 to the left; this cancels the term — ^e"^" appearing in the expression 
for A-i above. 

This reduces the analysis of the zeta function on the ball to analysis of a zeta function on the boundary. We 
compute the residues of C(s) from the residues of CB(s,a). To compute these residues, we first express CB(s,a) as a 
contour integral. Let C be the Hankel contour. 

^ ( d+n^l\ ^ 
Ce(s,a) = 2^ \{n + a)'= (a + toi + ... + m<i) " 



n=0 \ n 

r{i-s) 



27r 



\s-l 



C (l-e-*)'^ 



The residues of Cb(s, a) are intimately connected with the generalized Bernoulli polynomials pij 



(1-e-*) 

We use the residue theorem to see that 

Res s=zCB{s,a) 
for z = 1, ...,d. The needed leading poles are 

Res s=dCB(s,a) = 
Res s=d-iCBis,a) = 
Res s=d-2CBis,a) = 
Res s=d-3CB{s,a) = 



n—d 



n=0 



(-1) 



d+z 



{z-iy.{d-zy. 



1 



B'dtia), 



(31) 



(32) 



(d-1)!' 
d-2a 
2(d-2)!' 

Ua'^ - d - Uad + 3d'^ 
24((i-3)! ' 
~8a^ + Ua^d + 2a - Gad^ d^ + d^ 
48(d-4)! ■ 
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We may now determine the residues of C(s)- At s 



±^ = ±^^e find 



Res „_ m-3 A^i is) 
Res ^_m.-3An(s) 



dg TO — 2 

~6 2"T((m- l)/2)r((TO- 3)/2)' 



96r(TO-4)' 



Res „_ m-3 Ai (s) = — 
Res „_„x-3 ^2(5) 



(5to - 13) 



6 2'"r((TO- l)/2)r((m- 3)/2)' 
4 (to-3)2(5to-9) 

256 r(TO- 1) ■ 



for the r function and its functional relation 



To get these representations, the 'doubling formula' yjJz) ~ v(z+i/2) 
T{z + 1) = zV(z) has been used. Summing up, using again the given properties of the F-functions and (^) for the 
heat-kernel coefficient 03, we find 



as = 2-^-"(to- l)d 
= (4^)-(™-i)/2 



?(4to- ll)r(TO/2) + (17- 7TO)r(l/2)r((TO+ l)/2) 
3r(m/2)r((TO+ l)/2) 
(4m- 11)(to- l)r(TO/2) (17-7m)(TO-l) 



Tr 



(4^) 



-(m-l)/2 



48r(l/2)r((m+ l)/2) 
/ Tr [di6(m-l) + di7(TO-l)2] 



384 



Form here, equation (10a) is immediate. 

To get equations (10b) and (10c) we need to introduce a smearing function. For our purposes a smearing function of 
the form F{r) = fo + fir'^ + f2r'^ is suitable. We note that the radial normalization constant is given by C = 1/ Jp+i(/i). 
We denote the normalized Bessel function by 

Jpifir) := Jp{nr)/Jp+i{fi). 

Instead of the zeta function we consider now the smeared analogue: 

C(F; s)^Y. F{x)ip*{xMx)^. (33) 

Since F depends only on the normal variable, the integral in equation ( |3^ ) over the sphere S"^~^ behaves as in the 
case F = 1 so that 



C(F;s)=4^d„(TO) / —k 



-2s 



n=0 

' drF{r)r{J^^^,{kr) + J'p{kr))-^ In Jp{k). 







(34) 
(35) 



The radial integrals may be computed using Schafheitlin's reduction formula P5| : 

dxx-' {x) 



U + 2) / dxx^+'j^x) U + 



z^+i |z J:(z) - + 1) J.(z)|' + z-'+i jz^ - ^2 + \{j + 1)^1 J^z) 



18 



For the case at hand, using Jp{fJ,) = 0, we find the radial integrals 



drr^ [J2(^r) + Jp%i(H] = 



2p^ + 'Sp+l 1 
V +3' 

8p'^ + 20p3 - 20p - 8 4p2 + lOp + 4 1 
+ + -. 



/O - 15/i4 15^2 

Substituting these into ( psf ) the contour integral representations for Cl''^; s) and C(''''; s) are easily given. The resulting 
expressions are evaluated using equation (|2^); simple substitutions suffice to evaluate all relevant terms analogous to 
( p6| ) — (p9|). The factors of l/zi^ and are absorbed by using s + 1 and s + 2 instead of s in equations ( p6| ) — (p9|). 
The powers of p lower the argument of the base zeta function by 2, by 3/2, by 1, by 1/2 and by 0. It is now a 
straightforward matter to compute: 



A_i(r2;s) 
Ao{r^;s) 



1 r(.-i) 
4r(i)r(.s + i) 



1 2 s - i 

- H 

3 3 s + 1 



1 r(5 + i) 
'4r(i) r(s + 2) 

2 _ . I' 



Cs4s) + lCs4s + l) 



1 

12 



8r(i) ^ 2 

2 



i2r( 



1 



r(s + l) 
2 



+ 



3r(s + i) 
1 



Csd(s + 1) 



8r(i) ^ 2' i2r(i) 

1 5 



, , ,r(s + 3/2)- , , , 

8r(i/2) ^ ^ ' ' i2r(i/2) 



r(s + 5/2) 



^r(. + 2)4r(,s + 3) + |r(. + 4) 



3r(s) 



^r(. + i)-^r(. + 2) + |r(,s + 3) 



This exemplifies very well the rules of substitution and we spare to write down the associated terms for C,{r^;s) 
explicitly. 

Although lengthy, it is again easy to add up all contributions to find 03 D,B) for the smearing function given by 
F{r) = fa + fir^ + /2?'^- We derive equations (10b) and (10c) by identifying the boundary invariants: 

F{l)^F\9M = fo + .fl+f2, 

F'il) - -F;„JaAf = 2/1 + 4/2, 
i^"(l) = i^;™m|aAf = 2/1 + 12/2. □ 



Proof of (11). We give the ball the usual metric ds% — dr^ + r^dO^ . Let be a compact Riemannian manifold 



without boundary and let M = x N with the product metric. The extrinsic curvature is Lg 
otherwise. Let P be the Dirac operator on N . The Dirac operator P on M reads 



1, Ln 



P 









\dXm 







V^7e(m-i) 





r^p 



-IP 



(36) 
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Write the eigenfunction of P, Pip = jjnp, in the form = (^^)- Let Zn be an eigenfunction of P. An ansatz of the 
form tpi = /(r)e'(™+^/^^^^„ is not possible because 70(7,1-1) P anticommute. A simultaneous set of eigenfunctions 
of de and P thus does not exist. However, 'ye{m-i) plays the role of '7^' for the 7-matrices on A''. Therefore, define 
to be the upper and lower chirality parts of Zn, 

=^ ^^7e(m-i)) Zn. 

Consequently 

pz^ = y^n^n and p'^z^ = y^z^, 

and V'l = /(r)e*('"+^/^^^^^ might be chosen. A full set of eigenfunctions is then found to read 



^(±)=gi(m+i/2). [ J^+^UJ^^nr)Z+ ^ ^^^^ 

Tf^^M^Jm+i{y/li^^r)Z- T '-fJm{y/i^^^r)Z+ 



^(±) = g.(™+i/2). I ^ JmWp:' -xir)z- ^ ^ ^^^^ 



We need to impose spectral boundary conditions. We choose = 1/2. the boundary operator reads 

A = 




7e(m-i) 

-70{m-l) 

and we need the projection on its non-negative spectrum. Obviously one chooses the ansatz a = (^^) as eigenspinor 
of A and gets the equations 

^0(m-i)d0ai - Pai = Etai, 
-l0{7n-\)dea2 + P012 = Eta2, (39) 



Define b± = ^n+i^+'^f'^) ^ Expand ai and a2 in terms of Z^- Then eigenfunctions are given by: 

= e'('"+V2)^(6±Z+ + Z-) and ^ = e'^"'+'^^^'{b^Z+ + Z"), where (40) 
Aa"^ = T\/A^ + (m+l/2)2a=F. 

Imposing spectral boundary conditions so means that the projection on all eigenfunctions a+ has to vanish. Boundary 
conditions can not be imposed on ip^^ and ip^^ , but instead on suitable linear combinations. Define 

_ An =F M 

and impose boundary conditions on ipi + a^tp^. This gives the conditions, using 6_6+ = —1, 

Jmi^/J^^^) + ^ J„+l(\/;i^^) = 0, 



a+ 
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With a_a I 



-1 this can be combined to read 
2Xnb 



>/m(vV^)^m+i(vV^) - J™+i(vV^) = 0. 



So the starting point for the zcta function with smearing function = 1 is 

m— — oo n ^ ^ 



Using for I G IN, J-i{k) = {—iyji{k) and shifting the contour to the imaginary axis we find 



C(s) = 



2 sin(7rs) 



m=0 n 1-^1 1 



The role of the base zeta function wiU here be played by the zeta function associated with A^. We thus define (actually, 
this is only 1/2 the zeta function because the sum over m runs from m ~ only instead of m = —oo) 



CA(s)=EE[("^+l/2)'+^n]" 



and will need furthermore 



c^(^) -EE 



(to + 1/2)' 



m— n 



[(to + 1/2)2 + A2] 



(41) 



(42) 



This suggests, that a suitable expansion parameter is = m + 1/2. We define 

s = 

and have the following relations, 



1-62 



6 ~ 1 A„ 



1-6 



1 + 



1 + bl' S " 1/ " ' 1 + 6' ^ ' 1 + 6' 

In addition, the zeta function associated with the spectrum A„ of the manifold N will naturally appear in the 
calculations, 



After a lengthy calculation using the expansion (|24| ) we find for the relevant expression the following asymptotic 
expansion for — > cxd: 

2A„5_ 



In ^ ^-2-^+1 



-^i.-l/2(^'^) + ^--^,.+1/2(2'^) —I^~l/2izv)I^+i/2{zi^) 



In. 



27riy 



(1 + 5^) 1 + t 



VA2 + j/2 



+ lM,{t) + ^M2{t)+0{l/iy''). 



The polynomials are 
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^ ^ 2 12 ' 



M2 t) = H - - - i + -T i 

2(5 + < + t + i 2S + t 8S + t 86 + t 

In analogy to the treatment in the proof of (10), this suggests the definitions 

A^.is) = E E r " 1" (^"''^"'') ' 



00 



Ao(s) 



2sin(..)^^ d.(.V-A^r#ln l + tVl±Z 



771 — n 

00 



TT -^-^ /in I/,, az J/? 



We use (|30|) to see 



where the contour hes to the left of 5R< = — 1/2. If we denote the heat-kernel coefficients of on N as a'"J^\ we have 
the relations 0: 

r((m - 2)/2) Res s=(m-2)/2CN{s) = a^' = (An)-^^-''^/^ f Tr 1, 
r((m - 4/2) Res ..(™_4)/2Cw(s) = ai"^ = {A^)-ira-l)l2 |^__L^ 



Tri?(iV). 



N 

For later use, in the same way we define a'^ associated with . Using Ca(s) instead of (^n{s) in the above 
equations, the results with obvious replacements remain valid. 

Shifting the contour in ( ^3|) to the left we pick up the poles of A^\{s). To provide checks of the calculation, we also 
present the residues to the right of s = (m — 3)/2. E.g. wc find that 

r(m/2) Res ,^„/2A_i(s) = \f\ 



r((m - l)/2) Res ,=(„-i)/2A_i(s) = 0, 



r((m - 2)/2) Res s=(m-2/2^-i(s) ^ T^a 



^ (m 1 



2-1 Y2"° ' 
r((m - 3)/2) Res .=(„._3)/2^-i(s) = 0. 

We continue with Ao(s). It may be casted into the form 

1 . , , r(. + (fc + i)/2) 

'^°(') = -i>)^^^><^(^)^/-^) r((fc + 3)/2) ■ 

At the values of s needed the fc-sum can be given in closed form and one finds 

r{m/2) 



r((m- l)/2) Res s=irn-i)/2Ao{s) = -af""^^ | 
r((TO ^ 2)/2) Res ,=(„_2)/2^o(s) = 0, 
r((TO - 3)/2) Res s=(m-3)/2^o(s) = 



1 - 



r(l/2)r((m+l)/2) 

{S'xN)f, r(m/2 - 1) 

r(l/2)r((m-l)/2) 
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-s-1 I 

fc=l- 



Similarly, Ai{s) and ^2(5) can be represented in terms of Ca{^)i equation (p^). The relevant residues of Ca^^) '^^^ 
determined from Ca{s) by a suitable scaling of the circle S^. One has 

E E j>;r^^ ^ (-"'riFfrfjy £ E(A?. + ^^»)- 

The residues of the right hand side can be obtained from . E.g. 

00 (S^xN) 
ReS..(„.-3)/2EE(^n+-'^)"^''- 



r((m-l)/2) V6 



It follows 



-('"-3)/2 2^ + ,2)s+z+i r(i/2)r(m/2 + / - 1/2) °° • 

This, and a similar equation for s = (m — 2)/2, allows one to find the remaining contributions to the leading pole: 

r(H^) Res ..(_2)/2^i(.) - i (l- raa'Sg ) (4-)-"/^/aMTrl, 

r((m ~ 3)/2) Res s=(m-3)/2^2(s) = 
3m — 4 



r(m/2) m^ + 8m-17 \ ,^_,,,2 f ^rl 

l)r((™ + l)/2) ^ 128(m2-l) )^ ) J,,, ■ 



16r(l/2)(m2 

Putting things together, we can use aq, ai and 02 as a check of the calculation. The value we compute for di2 agrees 
with our previous calculation. Finally, we complete the proof of assertion (11) of Lemma 4. □ 
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